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GENUS 3 CURVES WHOSE JACOBIANS HAVE ENDOMORPHISMS BY Q(ζ7 + ζ¯7),
II
J. W. HOFFMAN, DUN LIANG, ZHIBIN LIANG, RYOTARO OKAZAKI, YUKIKO SAKAI, AND HAOHAO WANG
Abstract. In this work we consider constructions of genus three curves X such that End(Jac(X)) ⊗ Q
contains the totally real cubic number field Q(ζ7+ζ¯7). We construct explicit three-dimensional families whose
generic member is a nonhyperelliptic genus 3 curve with this property. The case when X is hyperelliptic
was studied in [15], and some nonhyperelliptic curves were constructed in [16].
1. Introduction
Let Mg be the (coarse) moduli space of projective smooth curves of genus g, and let Ag be the moduli
space of principally polarized abelian varieties of dimension g. The Torelli map X 7→ Jac(X) : Mg → Ag
is an injection. The study of subvarieties of Ag defined by the condition that the corresponding abelian
varieties A shall have nontrivial endomorphism rings is an old subject which in its modern form is a part of
the theory of Shimura varieties ([25], [26]). For this paper we consider varieties over fields of characteristic
0, so nontrivial means that End(A)⊗Q is larger than Q. In general, End(A)⊗Q is a semisimple algebra
of finite dimension with involution (see [29, §X] and [19]).
When g = 2 this study was initiated by Humbert in the late 19th century, who investigated the algebraic
surfaces HR parametrizing (X, θ), where X is a smooth projective curve of genus 2, and θ is an embedding
of an order R in a real quadratic field Q(
√
d) into End(Jac(X)). Note that M2 and A2 are birationally
equivalent, and that every genus two curve is hyperelliptic, so representable by an equation y2 = f(x) with
a polynomial f of degree 5 or 6. Humbert accomplished two things: he gave conditions on the analytic
moduli τ ∈ H2 in the Siegel space of degree 2 for an abelian variety to have endomorphisms by R, and he
managed in several cases to give explicit conditions on the coefficients of f for the Jacobian of this curve
to have endomorphisms by R, in effect describing HR concretely along with its universal family of curves.
On the second point: these constructions are related to the classical Poncelet theorems about pairs of
conics, and were reinterpreted and generalized in the language of elliptic curves by Mestre (see [17], [18],
and also Sakai’s thesis [23]). These Humbert surfaces are special instances of Hilbert modular surfaces
(see [9]). They play an important role in the geometry of the Siegel modular threefolds A2(N) → A2
that are coverings defined by level N structures (see, e.g., [14]). The problem of explicitly describing
abelian varieties of dimension 2 with special endomorphism rings has been considered by many people. For
instance see the work of Runge ([21]), implemented as Magma algorithms by Gruenewald ([11]). Another
construction, based on an idea of Dolgachev, which utilizes the theory of K3 surfaces, has been made into
an algorithm in the thesis of A. Kumar, and many explicit examples are now known: see the paper of
Elkies and Kumar ([7]). For the curves of genus 2 whose endomorphsm algebra contains an order R in a
quaternion algebra over Q, the corresponding variety HR is now a Shimura curve. For explicit computations
of these, see Elkies ([4], [5], [6]), Hashimoto and Murabayashii ([13]), and Voight ([27], [28], who with D.
Kohel implemented much of this in Magma).
By contrast to the situation in genus 2, the case of genus 3 and higher is much less understood. While it
is easy to see that the general member of Ag has trivial endomorphism algebra, i.e., End(A)⊗Q = Q, it is
true but not easy to show that the Jacobian of a general member of Mg has trivial endomorphism algebra.
This is a theorem of Severi and Zariski. When g = 3, both A3 and M3 are birationally equivalent, but now
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not every curve is hyperelliptic: Mhyper3 ⊂M3 is a 5-dimensional irreducible subvariety of the 6-dimensional
M3. In this paper we give explicit constructions of families of nonhyperelliptic curves of genus 3 whose
Jacobians have endomorphism algebras containing the maximal order R = Z[ζ+7 ] in the totally real cubic
number field Q(ζ+7 ) := Q(ζ7 + ζ¯7), where ζ7 is a primitive 7th root of unity. In earlier papers ([15], [16])
we studied the hyperelliptic case, and gave a special construction generalizing Mestre’s method. In this
paper we give families with maximal modular dimension. That is, the corresponding moduli space HR is
now a Hilbert modular variety of dimension 3, so our family has three independent moduli.
Our method is based on Ellenberg’s paper ([8]), which apparently is based on an earlier paper of Shimada
([24]). Many of the calculations in this paper were carried out with Mathematica ([30]), Magma ([1]),
PARI/GP ([20]) and Sage ([22]).
Outline: In section 2 we recall well-known facts about branched coverings of Riemann surfaces. In section
3 we give the main construction. Section 4 is devoted to justifying the plane model of our curves stated
in Proposition 3.2. This depends on analyzing the action of the dihedral group D7 on the cohomology of
the curve X of genus 8 that covers our genus 3 curve. In section 5 we show that the curves in our family
have three independent moduli. Section 6 constructs a D7-invariant principal polarization on the Hodge
structure associated to the genus 8 curve. Section 7 gives a precise analysis of the conditions under which
our constructions give genus 3 curves of the type we are considering. Finally explicit equations for the
genus 3 curves are in section 8.
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International Center for Mathematical Research and the Chinese Academy of Science, and we would like
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grant OISE-1318015; the second author is supported by NSFC11001183 and NSFC1171231, and the last
author would like to thank the GRFC grant from Southeast Missouri State University.
2. Branched coverings
This section recalls the facts and defines our conventions. If X is a “good” connected topological space,
and ∗ ∈ X is a point, we let pi = pi1(X, ∗) be the fundamental group. We follow the convention that
composition αβ of elements α, β ∈ pi1(X, ∗) represented by loops a, b : [0, 1] → X is the loop ab with a
following b. We let X˜ be the universal covering. This is a left pi-torsor (i.e., pi acts on the left making it
into a locally trivial pi-bundle). Our convention is that groups G act on the left of spaces X. This has the
inconvenience that G acts on the right on spaces of functions ϕ : X → C via (ϕg)(x) := ϕ(gx). Recall the
equivalence of categories:
{right pi-sets S} ↔ {unramified coverings f : Y → X} .
The arrow ← sends f : Y → X to S = f−1(∗) with the right monodromy action of pi1(X, ∗). The arrow
→ sends S to S × X˜/ ∼ where the equivalence relation is (sγ, x) ∼ (s, γx) for all γ ∈ pi. Under this
equivalence, transitive pi-sets S correspond to connected coverings Y . For a transitive set, choosing any
point s ∈ S, the map pisγ 7→ sγ : pis\pi → S is a bijection of right pi-sets, where pis = Stabpi(s) is the
stabilizer of s. Also, automorphisms of coverings f : Y → X correspond to automorphisms of the pi-set
f−1(∗) (i.e., bijections commuting with the given pi-action on the latter).
Recall that a connected covering f : Y → X is Galois with group G if equivalently
1. pis is a normal subgroup of pi for all s ∈ S.
2. Aut(Y/X) = G and the degree of Y → X is #G.
Necessarily G ∼= pis\pi = pi/pis. Under the bijection S = pis\pi, the automorphisms of G correspond to the
left multiplications of S = pis\pi = pi/pis by elements of pi and these commute with the right multiplications
that define the pi-set pis\pi. The action of G on Y is in the left. Here is an alternative: we start with
a surjective homomorphism: ϕ : pi → G. Then this defines a Galois G covering whose right pi-set is
S = G = pi/Ker(ϕ), and whose pi-set automorphisms are the left multiplications by elements of pi. The
stabilizers pis = Ker(ϕ).
Lemma 2.1. Given two surjective homomorphisms ϕ1, ϕ2 : pi → G, the corresponding right pi-sets are iso-
morphic if and only if there is a group-automorphism ψ of G such that ϕ2 = ψϕ1. The set of isomorphisms
are the maps x→ gψ(x) for some element g ∈ G.
Proof. The last statement follows from the first because the set of automorphism of each of these pi-sets is
given by left multiplications by elements of G. An isomorphism of G-sets is a bijection ψ : G → G with
the property that ψ(g)ϕ2(x) = ψ(gϕ1(x)) for all g ∈ G,x ∈ pi. Because the ϕ are surjective, we can write
g = ϕ1(γ) for some γ ∈ pi. If ψ is a homomorphism, and ϕ2 = ψϕ1, then
ψ(g)ϕ2(x) = ψ(ϕ1(γ))ϕ2(x) = ψ(ϕ1(γ))ψ(ϕ1(x)) = ψ(ϕ1(γ)ϕ1(x)) = ψ(gϕ1(x)).
On the other hand, left multiplication by G is a transitive action on these sets, so without loss of generality,
we may assume that e = ϕ(e) : e the identity element of G. Then the equation ψ(g)ϕ2(x) = ψ(gϕ1(x))
with g = e gives ϕ2(γ) = ψϕ1(γ) for all γ ∈ pi, and writing u = ϕ1(γ), v = ϕ1(δ), we get
ψ(uv) = ψ(ϕ1(γ)ϕ1(δ)) = ψ(ϕ1(γδ)) = ϕ2(γδ) = ϕ2(γ)ϕ2(δ) = ψϕ1(γ)ψϕ1(δ) = ψ(u)ψ(v).

The special case of interest to us is when X is a the Riemann surface of the set of C-points of an
algebraic curve. In this case, if X is the canonical compactification of X, then the unramified coverings
of X correspond uniquely to coverings f : Y → X branched over the points B = X −X. The branching
type at each point b ∈ B is determined by the action of a generator of pi which “goes once around b”. For
instance, if f is a Galois G-covering, then each f−1(b) can be identified to a coset G/H for a subgroup H,
the inertia at b, well-defined up to conjugacy. A loop around b determines an element of G whose action
on the coset G/H determines the branching type above b.
We apply this to the situation: G = D7 = 〈s, t | s7 = t2 = 1, st = ts6〉, the dihedral group with 14
elements. X = P1(C)−B, where B is a set of 6 points, thus
pi = pi1(X, ∗) = 〈γ1, ..., γ6 |
6∏
i=1
γi = 1〉.
We are interested in surjective homomorphisms ρ : pi → D7 such that each ρ(γi) is a nontrivial involution
(i.e., element of order 2). This corresponds to Galois D7-coverings Z → P1(C) branched only above the
six points in B and with branching scheme 2, 2, 2, 2, 2, 2, 2 above each point. Thus each ρ(γi) = s
ait for an
integer ai modulo 7, and it is easy to see that ρ is surjective if and only if at least two of the ai are distinct.
The condition
∏6
i=1 γi = 1 translates into a1 − a2 + a3 − a4 + a5 − a6 = 0 modulo 7. By lemma (2.1), two
such ρ’s will define isomorphic coverings if and only if they differ by an automorphism of D7. The group
Aut(D7) has order 42, generated by the substitutions
(s, t) 7→ (s3, t), (s, t) 7→ (s, st).
Modulo these automorphisms, the vector (a1, ..., a6) is equivalent to any other b1, ..., b6 where bi = cai + d
where c ∈ F∗7, d ∈ F7. We see that the branched D7-coverings we are considering are in one-to-one
correspondence with the set (0, a2, ..., a6) modulo 7, with (a2, ..., a6) 6= (0, ..., 0) such that a2 − a3 + a4 −
a5 + a6 = 0, all modulo scaling (a2, ..., a6) 7→ (ca2, ..., ca6), c ∈ F∗7, in other words to the hypersurface in
P4(F7) defined by this linear equation. We have shown:
Proposition 2.2. The isomorphism classes of Galois D7-coverings Z of P
1(C) branched above a set B
of six given points with branching scheme 2, 2, 2, 2, 2, 2, 2 above each branch point is in a noncanonical
one-to-one correspondence with P3(F7).
We can see this correspondence another way. These coverings have canonical structures as Riemann
surfaces, and thus as algebraic curves over C. The quotient curve Z/t = C has genus 2 and the projection
Z → C is an unramified cyclic covering of degree 7. In fact, C is the double covering of P1(C) branched
above the 6 points in B. By the geometric form of class field theory, a cyclic degree 7 covering corresponds
to a subgroup of the Jacobian H ⊂ Jac(C) of order 7. Namely, since Jacobians are principally polarized,
they are self-dual. The dual of the isogeny Jac(C)→ Jac(C)/H is a cyclic isogeny A→ Jac(C) of degree
7, and we get the covering Z by pulling this isogeny back along the canonical embedding C → Jac(C).
This curve has a D7-action: we can choose the embedding C → Jac(C) so that the map P 7→ −P on
the Jacobian induces the hyperelliptic involution of C. Together H and P 7→ −P define this D7-action,
since H is also preserved under P 7→ −P . Since the set of subgroups of order 7 is equal to the set of
lines in Jac(C)[7], the points of order 7, and since this latter set is noncanonically isomorphic to F47, we
get another parametrization of these coverings Z by P3(F7). It would be interesting to compare these two
parametrizations.
3. Construction of the curves.
In constructing curves Y of genus 3 with endomorphisms by Q(ζ+7 ), we can consider the curve X which
gives the correspondence defining the endomorphism. This curve X has genus 8. There is a covering
X → Y of degree 2 with 6 branch points. In fact X has an action of the dihedral group D7, symmetries
of a regular 7-gon. This is a special case of Ellenberg’s construction. D7 is of order 14 generated by two
elements s and t with s7 = 1, t2 = 1, and tst = s6. Here is a diagram of the subgroups and corresponding
curves and function fields. ti = s
it is one of the 7 involutions. All the curves Yi are isomorphic.
{e}
〈ti〉
D7
〈s〉
k(x, y, 7
√
ϕ) = k(X)
k(x, z) = k(Y )
k(x) = k(P1)
k(x, y) = k(C)
X
Y = Yi = X/〈ti〉
P1
C = X/〈s〉
hi
vi
x
q
In this diagram:
1. Genus of X is 8.
2. The element s ∈ D7 of order 7 acts fixed point free. C = X/〈s〉, has genus 2, and is defined by an
equation y2 = s(x) for a degree 6 polynomial with distinct roots. X → C is unramified.
3. Any involution ti ∈ D7 has 6 fixed points on X. These lie above the six roots of s(x) = 0. Each
Yi = X/〈ti〉 has genus 3.
4. Let Y be any of the mutually isomorphic Yi. The curve X defines a correspondence of Y which as
an endomorphism of Jac(Y ), satisfies the equation of ζ+7 , viz., x
3 + x2 − 2x− 1 = 0.
The element ϕ(x) = a(x) + b(x)y ∈ k(C) is chosen in such a way that the extension k(X)/k(C), or
equivalently the projection X → C, is everywhere unramified. Our approach to construct the curves Y
is to construct the curves X with a D7-action with certain properties. These will arise from a genus 2
curve C with an unramified cyclic 7-covering X → C. Kummer theory (assuming ζ7 ∈ k) tell us that
we may construct the extension of function fields as k(x, y, 7
√
ϕ). This will be unramified if and only if
div(ϕ) ∈ 7Div(C), i.e., every zero and pole has order a multiple of 7. If N : k(x, y)∗ → k(x)∗ is the
norm, this implies that N(ϕ) ∈ 7Div(P1). Clearly deg(div(N(ϕ)) = 0, and every degree 0 divisor on P1 is
principal, so this shows that
(1) N(ϕ) = a(x)2 − b(x)2y2 = a(x)2 − b(x)2s(x) = λc(x)7
for some rational function c(x) and constant λ ∈ k.
Proposition 3.1. Let a, b, c ∈ k(x), s ∈ k[x] of degree 6 with distinct roots, λ ∈ k. Suppose that equation
(1) above is satisfied. Let C be the genus 2 curve defined by y2 = s(x). Assume that ζ7 ∈ k, and also that
7
√
λ ∈ k.
1. If ϕ = a(x)+ b(x)y is not a 7th power in k(x, y), then letting w be any root of Z7−ϕ, the extension
k(x, y, w)/k(x) is Galois with group D7.
2. If div(ϕ) is relatively prime to div(ϕ′) where ϕ′ = a(x)−b(x)y, then the extension k(x, y, w)/k(x, y)
is unramified. Thus if X denotes the projective nonsingular model of k(x, y, w), then it satisfies the
four properties listed after the diagram above.
Proof. To see the first point, note that sw = ζ7w, defines an automorphism s of the field k(x, y, w) fixing
k(x, y), which generates the Galois group of the degree 7 extension k(x, y, w)/k(x, y). Kummer theory tells
us that all such cyclic degree 7 extensions are gotten this way. The issue is to see that the hyperelliptic
involution (x, y) 7→ (x,−y) lifts to an involution t of k(x, y, w) such that ts = s−1t. Define t by the rule
tx = x, ty = −y and tw = µc(x)/w where µ ∈ k is a root of µ7 = λ. Since(
µc(x)
w
)7
=
N(ϕ)
ϕ
= ϕ′,
we see that z = µc(x)/w is a root of the equation X7 − ϕ′ = 0. As is well-known, this means that we can
lift the automorphism (x, y) 7→ (x,−y) to an automorphism of k(x, y, w) by sending w 7→ z. The identities
t2 = 1, ts = s−1t are immediate.
On the second point: any point P ∈ C where the order of zero or pole vP (ϕ) is not divisible by 7 will give
rise to branching in the covering X → C above P . If vP (ϕ) is divisible by 7, there will be no branching.
From the equation pi∗divP1(N(ϕ)) = divC(ϕ)+divC(ϕ
′), where pi : C → P1, we see that as long as divC(ϕ)
and divC(ϕ
′) are relatively prime, we can conclude that divC(ϕ) ∈ 7Div(C) from the hypothesis that N(ϕ)
is the seventh power of a rational function i.e., µc(x).
X has genus 8 since it is an unramified covering of degree 7 of a genus 2 curve. The other properties
about s and t are easy to check. We will prove the statement about the endomorphism of the Jacobian
later.

We will refine this result to show that we can define our curves by the above procedure by solving the
equation
(2) a(x)2 − s(x)b(x)2 = c(x)7
for polynomials a, b, c, s of respective degrees 7, 4, 2, 6. For simplicity, we ignore the constant λ, which can
implicitly be absorbed into the equation if our field k is algebraically closed. The systematic study of this
Diophantine equation appears in section 7. We consider genus 8 curves X with an action of D7 such that
X/D7 has genus 0, the generator s has no fixed point on X and each involution t has six fixed points on
X. We will show:
Proposition 3.2. Let (z, x, y) be coordinates in projective space P2. We let D7 act on P
2 by the formulas:
s(z) = z, s(x) = ζ7x, s(y) = ζ
−1
7 y, t(z) = −z, t(x) = y, t(y) = x.
A genus 8 curve X with a D7-action with the above properties has an equation in the shape:
(x14 + y14) + φ(xy, z2) + z(x7 − y7)ψ(xy, z2) = 0,
where each term in φ(xy, z2) has total degree 14, and each term in ψ(xy, z2) has degree 6. The above
equation is invariant under D7. In affine coordinates x = x/z, y = y/z, D7 acts as
s(x) = ζ7x, s(y) = ζ
−1
7 y, t(x) = −y, t(y) = −x.
With an obvious change in notation, the equation becomes
(x14 + y14) + φ(xy) + (x7 − y7)ψ(xy) = 0,
where φ(w) has degree 7 and ψ(w) has degree 3.Thus a genus 8 curve X with a D7-action with the above
properties has an affine plane model in the shape
u2 + v2 + φ(w) + τpi(w) = 0,
where u = x7, v = y7, w = −xy, τ = u− v, deg(φ(w)) = 7, deg(pi(w)) = 3.
The proof of this proposition involves the following steps: We consider the canonical embedding
X → P7 = P(H0(ΩX)),
which is D7-equivariant for a linear action of D7 on the module of differentials H
0(ΩX). We determine
this action, see propositions 4.1, 4.5 below. The planar equation in the above proposition is the image of
the degree 14 canonical curve under an equivariant projection P(H0(ΩX))→ P2 with the D7-action in this
proposition. The equation displayed is the most general degree 14 polynomial invariant under this D7-
action. Note that further conditions on the coefficients of φ,ψ must be satisfied in order that the displayed
equation defines a genus 8 curve of the type we are considering. We examine these conditions next. We
consider curves defined by an equation (recall: w = xy, u = x7, v = y7, τ = u−v; ⇒ u2+v2 = τ2+2w7)
f(x, y) = u2 + v2 + φ(w) + τψ(w) = g(τ, w) = 0, where g(τ, w) = τ2 + τψ(w) + (φ(w) + 2w7).
Note that the expression on the right quadratic in τ . The terms w and τ are invariant under D7. The
polynomials φ,ψ have respective degrees 7, 3. We let F be a field containing Q and all the coefficients of
the polynomials φ,ψ. Initially we treat these coefficients as independent variables, to be specialized later.
In the statements below, generic assumptions are made so that the statements are meaningful, (e.g., that
the equations are irreducible and hence define field extensions). This does not involve a loss of generality
for our purposes. Our goal is to define families of curves with general moduli. It will be justified later that
we really do get families of maximal modular dimension.
Let C7 = 〈s〉 be the subgroup generated by s, and let I = 〈t〉 be the subgroup generated by t. The
function field of the curve X is K = F(x, y) where f(x, y) = 0. If H is a subgroup of D7, we let K
H be
the subfield of elements if K fixed by H. This is the function field of the quotient curve X/H, note that
K/KH is a Galois extension with group H.
We also consider the fields F(τ, w) and F(u, v, w) = F(u,w) = F(v,w), which are subfields of K.
Proposition 3.3.
F(u, v, w) = KC7 , and F(τ, w) = KD7 .
Proof. Since we have seen that F(u, v, w) ⊂ KC7 , and F(τ, w) ⊂ KD7 . From the equation f(x, y) = 0,
we see that both x and y satisfy an equation of degree 7 over F(u, v, w), and since xy = w, we see that
F(x, y) = F(u, v, w), so that K/F(u, v, w) has degree at most 7. On the other hand K/KC7 has exact
degree 7 so F(u, v, w) = KC7 .
The equation
h(T ) = (T − u)(T + v) = T 2 − τT − w7 = 0
shows that F(u, v, w) is a quadratic extension of F(τ, w). Therefore F(x, y)/F(τ, w) has degree at most 14
and since K/KD7 has exact degree 14, we have F(τ, w) = KD7 . 
Since F(τ, w) = KD7 = function field of X/D7, to require that X/D7 has genus 0(= P
1) we get
Proposition 3.4. X/D7 has genus 0 if and only if
ψ(w)2 − 4(φ(w) + 2w7) = L(w)C(w)2, where degL(w) ≤ 1, degC(w) ≤ 3.
Proof. F(τ, w) is a quadratic extension of F(w) with equation g(τ, w) = 0. F(w) has genus 0. Then F(τ, w)
will have genus 0 if and only if the extension F(τ, w)/F(w) has at most 2 ramification points since by
the genus formula. But this extension is F(w, d) where d2 = discriminant of g. The expression for the
discriminant of g is on the left-hand side above. It will have at most 2 ramification points on P1w if and
only if it has the shape above (note that the right-hand side has degree at most 7). 
The most important case is where L(w) really is a linear expression, say L(w) = w− a. We will assume
a 6= 0. We let m2 = w−a. Then under the hypotheses of Proposition 3.4 we have F(τ, w) = F(m). Solving
g(τ, w) = 0 by the quadratic equation we get
τ(m) =
−ψ(m2 + a)±mC(m2 + a)
2
, and define τ(m) :=
−ψ(m2 + a) +mC(m2 + a)
2
.
Note that, when C(w) and ψ are arbitrary cubic polynomials in w, the expression for τ(m) represents
the general polynomial of degree 7. Given any degree 7 polynomial τ(m), if a and C(w) are given, we can
solve the above expression for ψ and then solve for φ from the expression in Proposition 3.4; this gives the
equation for our curve f(x, y).
Next we need to see when the curve X/C7 has genus 2. The extension of function fields of X/C7 over
the function field of X/D7, which is F(m) by our assumption, is a quadratic extension, with equation h(T )
as in the proof of Proposition 3.3. By the well-known genus formula, this will have genus 2 if and only if
there are exactly 6 ramification points in the covering X/C7 → X/D7 = P1m. The ramification is given by
the discriminant of h(T ) = T 2 − τT −w7 = 0, which is τ(m)2 + 4w7 = τ(m)2 + 4(m2 + a)7. Therefore we
obtain:
Proposition 3.5. Under the hypotheses of Proposition 3.4, X/C7 has genus 2 if and only if
τ(m)2 + 4(m2 + a)7 = q(m)2s(m), where deg q(m) = 4, deg s(m) = 6.
Note that this is in the shape of equation 2, namely after absorbing constants, a(x)2− s(x)b(x) = c(x)7.
The procedure to write down our genus 8 curves:
1. Choose an a 6= 0; and choose polynomials q(m) and s(m) of degree 4 and 6 respectively.
2. Find a solution τ(m) of degree 7 to the equation
τ(m)2 + 4(m2 + a)7 = q(m)2s(m), where deg τ(m) = 7, deg q(m) = 4, deg s(m) = 6.
3. Choose a polynomial C(w) of degree 3. Solve for ψ to the equation:
τ(m) :=
−ψ(m2 + a) +mC(m2 + a)
2
.
4. Let L(w) = w − a. Solve for φ in the equation:
ψ(w)2 − 4(φ(w) + 2w7) = L(w)C(w)2.
5. Obtain genus 8 curve of the following form:
g(τ, w) = τ2 + τψ(w) + (φ(w) + 2w7) = 0.
To construct the genus 3 curves, we take the quotient X/t of the genus 8 curves X by any involution
t2 = 1. There are 7 involutions, all conjugate, so all these genus 3 curves will be isomorphic.
Proposition 3.6. Let t be the involution tx = −y, ty = −x. Let r = x − y, and I the subgroup of D7
generated by t. Then KI = F(r, w), where KI is the function field of X/I, and K = F(x, y).
Proof. By Proposition 3.3, KD7 = F(τ, w), where τ = x7 − y7; and also K/KD7 is a Galois extension with
group D7, therefore of degree 14. Clearly F(τ, w) is a subfield of K
I . On the other hand, F(r, w) is an
extension of F(τ, w) of degree 7. In fact, r = x− y satisfies the equation
h(r, w) = r7 + 7wr(r2 + w)2 − τ = 0.
This shows that F(x, y) is a degree 2 extension of F(r, w) and therefore F(r, w) = KI . 
The equation h(r, w) = 0 is an equation for the curve of X/I. We want this curve to have genus 3.
Recall in Proposition 3.4, in order to have KD7 to be of genus 0, the conditions are imposed on τ and
w that is to express τ = τ(m) with m2 = w − a. Since X → X/D7 = P1 is branched above 6 points
which these are the fixed points of all the involutions in D7, we must have X/I → X/D7 = P1 will also
be branched above 6 points, but this is a non-Galois extension. The branching type will be 2, 2, 2, 1 over
each of the 6 points. Such a curve will have genus 3. In order to have this branching behavior, the curve
h(r, w) = 0, must intersect the discriminant of the extension Q(r, w)/Q(τ, w) transversally in 6 points.
Consider r, w and τ, w are independent variables so that the extension of fields Q(r, w)/Q(τ, w) represents
a covering of degree 7 of planes, either affine planes A2 → A2, or projective planes P2 → P2. The
discriminant of the polynomial h(r, w) with respect to r is
∆h = −77(τ2 + 4w7)3.
Notice that τ2+4w7 was exactly the discriminant we calculated before. The condition we need is that, as
a function of m, the polynomial τ2 + τψ(w) + (φ(w) + 2w7), which is the equation of the quotient curve
X/D7, intersects the discriminant locus in 6 transversal points (tangential intersections do not necessarily
give ramification).
In summary: to construct our curves, we must find polynomial solutions to the equation
a(x)2 − s(x)b(x)2 = c(x)7, where deg a = 7, deg s = 6, deg b = 4, deg c = 2.
There is a total of 8 + (7 + 5− 1) + 3 = 22 variables which are coefficients of the polynomials of a, b, c, s,
and total of 15 polynomial equations in those unknown coefficients which result by comparing like terms
in the above equation. Thus, the solution set should be 22 − 15 = 7 dimensional. Here is a procedure to
solve the above Diophantine equation. Without loss of generality, we homogenize the above equation with
coordinates X,Z, and assuming c(x) has two distinct roots, we can make a linear change in X,Z so that
c(x) = XZ and rewrite the above equation as
S27−(XZ)7 = F6
4∏
i=1
(X−u2iZ)2, where degS7 = 7, degF6 = 6, s(X) = F6(X, 1), u2i are the distinct roots.
Set Z = 1, and let s7(X) = S7(X, 1) =
∑7
i=0 aiXi, we obtain
s7(X)
2 −X7 = F6
4∏
i=1
(X − u2i )2.
Hence, we have the following 8 equations gotten by putting in X = u2i into the above and its derivative:
s7(u
2
i )
2 = u14i , and 2s7(u
2
i )s
′
7(u
2
i )− 7u12i = 0, i = 1, 2, 3, 4.
We can factor the first as s7(u
2
i ) = ±u7i . Choosing the plus sign and putting into the second equation
yields
s7(u
2
i ) = u
7
i , and 2s
′
7(u
2
i )− 7u5i = 0, i = 1, 2, 3, 4.
Now this is a system of 8 linear equations in the 8 unknown coefficients of s7. Using Cramer’s rule,
we find that the coefficients are explicit rational functions of the variables ui, i = 1, 2, 3, 4. Once we
obtain s7(X), we divide s7(X)
2 −X7 with ∏4i=1(X − u2i )2 to determine s(X) = F6(X, 1), and then we let
y2 = F6(X, 1),which is a genus 2 curve. Further analysis of this equation can be found in section 7.
Theorem 3.7. 1. There is a 4-parameter family of solutions to the equation
au(x)
2 − su(x)bu(x)2 = x7
for polynomials au(x), bu(x), su(x) of respective degrees 7, 4, 6. The coefficients of these polynomials
are in the field Q(u1, u2, u3, u4), for variables u1, u2, u3, u4.
2. For u = (u1, u2, u3, u4) in a Zariski-dense open subset of A
4, y2 = su(x) defines a genus 2 curve
Cu over the field Q(u). Letting ϕ = au(x) + bu(x)y, Q(u, x, y, 7
√
ϕ) is the function field of a genus
8 curve Xu defined over Q(u). This curve has an action of the group D7, defined over Q(ζ7, u).
Dividing this genus 8 curve by the action of any involution in D7 we obtain a genus 3 curve Yu,
defined over Q(u), such that End(Jac(Yu)) contains Z[ζ
+
7 ]. The endomorphisms are defined over
Q(ζ7, u).
Explicit equations for the curves Yu can be found in the appendix, section 8. In fact, the equations
are symmetric functions of u = (u1, u2, u3, u4), and so can be expressed in terms of elementary symmetric
functions.
4. Representations of D7.
Here we explain the where Proposition 3.2 comes from, by computing the relevant actions of D7. If a
finite group G acts on a curve X we get an action of G on the cohomology of the curve. The action of G
on H0(X), H2(X) will be trivial. Also, by the Hodge decomposition:
H1(X,C) = H0(X,ΩX)⊕H0(X,ΩX) with H0(X,ΩX) = H1(X,OX ),
the representation ofG onH1(X,C) decomposes as r+r¯ , where r is the representation on the g-dimensional
space of holomorphic differential 1-forms. Recall the Lefschetz fixed point formula:
(h0 − h1 + h2)(u) = fix(u), ∀u ∈ G,
where hi is the character of the G-module H i, and fix(u) is the number of fixed points of u on the curve
X, counted with multiplicity. These characters depend only on the conjugacy class of u in G.
In our case G = D7, g = 8. Also we know the fixed points because we know the ramification data in the
various coverings X → X/H for subgroups H. We know
1. X → X/t has 6 branch points because the quotient has genus 3. (Recall the genus formula: If
X → Y is a covering of curves of degree n, then n(2 − 2gY ) − e = 2 − 2gX where e is the total
ramification (branching) order of the covering. Since gX = 8 and gX/t = 3, the genus formula
2(2− 2(3)) − e = 2− 2(8) shows that e = 6.)
2. X → X/sα has 0 branch points because the quotient has genus 2, α = 1, . . . , 6. (Since gX = 8 and
gX/sα = 2, the genus formula 7(2− 2(2)) − e = 2− 2(8) shows that e = 0.)
So fix(t) = 6 and fix(sα) = 0. There are 5 conjugacy classes in D7 and therefore 5 isomorphism classes of
irreducible representations:
1. The simple one dimensional representations are given by σ = 1 and τ = ±1. Let us denote them
by 1 and alt.
2. The simple two dimensional representations are given by σ =
(
ζk 0
0 ζ−k
)
, and τ =
(
0 1
1 0
)
where
ζ = e2pii/7, 1 ≤ k ≤ 3. Let denote these by χ1, χ2, χ3.
The conjugacy classes are represented by 1, s, s2, s3, t (that is the classes of 1, {s, s6}, {s2, s5}, {s3, s4}, t),
and the irreducible representations are denoted by 1, alt, χa for a = 1, 2, 3 respectively. The character table
with columns indexed by the conjugacy classes, the rows indexed by the irreducible representations, and
the entries are the values of the characters:
1 t sb (where b = 1, 2, 3)
1 1 1 1
alt 1 -1 1
χa (where a = 1, 2, 3) 2 0 ζ
ab + ζ−ab (where ζ = e2pii/7)
Let α be the character χ1+χ2+χ3, which is defined over Q. In fact, α(1) = 2+2+2 = 6, α(t) = 0+0+0 = 0,
α(sb) = −1 via the identity ∑6i=1 ζ i = −1.
Proposition 4.1. The character r of D7 acting on the 8 dimensional vector space H
0(ΩX) is 2 · alt + α.
Proof. From Lefschetz fixed point formula:
(h0 − h1 + h2)(u) = (2− h1)(u) = fix(u), ∀u ∈ G, where fix(u) is the number of fixed point.
Since fix(t) = 6 and fix(sα) = 0, we have h1(t) = −4, h1(sα) = 2, and h1(1) = 16. Comparing with the
above characteristic table h1 = 4 · alt + 2 · α, and hence h1 = r + r¯, and the claim follows directly. 
A model of the representation α is the following: We let V be the 6-dimensional Q-vector space which
is the subspace of the cycltomic field Q(ζ) consisting of
a0 + a1ζ + a2ζ
2 + a3ζ
3 + a4ζ
4 + a5ζ
5 + a6ζ
6, such that
6∑
i=0
ai = 0.
Then s acts on V by multiplication by ζ and t acts on V by complex conjugation.
Recall that every smooth projective non-hyperelliptic curve admits a canonical embedding
X → P(H0(ΩX)) = Pg−1.
This is G-equivariant if a group acts. In our case g = 8, and the action of D7 is via the linear representation
r above. One strategy to write down explicit curves of genus 8 with a D7-action is to write down the ideal
I of the canonical embedding. In our case, it turns out that I is generated by 15 quadrics with 35 syzygies.
In fact, the entire free graded resolution was worked out by F. O. Schreyer ([2]).
We can construct an equivariant projection of the curve X via
P(2 · alt⊕ α) = P7 → P(alt⊕ χ1) = P2.
This means that we represent X by one equation which is D7-invariant. It has degree 14 = 2g − 2. The
group D7 acts on coordinates (z, x, y) by s(z) = z, s(x) = ζx, s(y) = ζ
−1y, t(z) = −z, t(x) = y, t(y) = x,
ζ = e2pii/7.
We are interested in two things
1. The equation for the projection of X. This will be a polynomial f(x, y, z) = 0 of degree 14
and D7-invariant. This curve will necessarily have 70 singularities, because X has genus 8 (for
the generic case, there will have 70 ordinary double points by the genus and degree formula g =
(d− 1)(d− 1)/2−∑ki=1 r(r− 1)/2 where d is the degree of the curve, r is the order of the ordinary
singularity, and k is the number of singular points). The location of these double points is important
and not arbitrary. In fact, the singularities will have the following structure, in the “generic case”:
a. Three D7-orbits size 14, belonging to non-fixed points of D7.
b. Four orbits of size 7 belonging to t-fixed points.
2. The adjoint curves of degree d − 3 = 11, passing through all the double points of X. These form
an 8-dimensional vector space isomorphic to the module of differentials H0(ΩX).
These adjoints must form a representation of D7 isomorphic to 2 · alt + α, by Proposition 4.1. This
condition limits the possibilities for the singularities of X.
Lemma 4.2. The fixed points of D7 in P(alt⊕ χ1) are:
Fixed point Stabilizer subgroup Size of orbit
(1, 0, 0) D7 1
(0, 1, 0) 〈s〉 2
(0, 0, 1) 〈s〉 2
(1, x,−x) 〈t〉 7
(0, 1 ± 1) 〈t〉 7
The fixed points (1, ζax, ζ−ax) of sats−a are in the orbit of (1, x,−x). The fixed points (0, ζa,±ζ−a) of
sats−a are in the orbit of (0, 1,±1). We have a line of t-fixed points x+ y = 0.
Proof. This can be checked case by case. 
Let V be the representation alt ⊕ χ1 of D7. We want to study the action of D7 on polynomials in
V , in other words the symmetric powers Symn(V ). We need to know the multiplication (i.e., the tensor
products) of the basic representations.
Lemma 4.3. We have
Symn(alt + χ1) =
n∑
i=0
alti ⊗ Symn−i(χ1).
Also alti = 1, and alt depending on whether i is even or odd, and alt⊗ χa = χa.
Proof. The claim is true since it is know that if {v1, . . . ,vm} is a basis for V , then a basis for Symn(V ) is{
1
n!
∑
σ∈Sn
vkσ(1) ⊗ · · · ⊗ vkσ(n)
}
as 1 ≤ k1 ≤ · · · ≤ kn ≤ m. 
Remark 4.4. The character of Symm(V ) is the linear combination of {∏i χ(gri)ei | ∑i riei = m} where
g ∈ G.
It remains to calculate the Symi(χ1). The easiest way to do this is to consider the restriction to the
cyclic subgroup 〈s〉. Alternatively, one can use Molien’s formula. The result is:
Proposition 4.5. We have
Sym11(V ) = 3 · 1 + 9 · alt + 11 · α and Sym14(V ) = 13 · 1 + 5 · alt + 17 · α.
This shows that the space of D7-invariant polynomials of degree 14 is 13 dimensional. This is spanned
by z2i(xy)7−i for i = 0, . . . , 7; z(x7 − y7)z2i(xy)3−i for i = 0, . . . , 3; and x14 + y14. A linear combination of
these gives the equation f(x, y, z) = 0 as claimed in proposition 3.2.
We have an equivariant exact sequence
0 −−−−→ H0(ΩX) λ−−−−→ Sym11(V ) µ−−−−→
⊕
P∈Sing(X)
C −−−−→ 0
where the map µ sends each degree 11 homogeneous polynomial to its value at each of the 70 singular
points of the curve X. We making a general position assumption that X has 70 ordinary double points.
An element in Ker(λ) is an adjoint curve and defines a regular differential on X in the usual way. Since
we know the character of the D7-action of first two terms above, we obtain the character of the action on
the right-hand side, namely
⊕
P∈Sing(X)
C = (3 · 1 + 9 · alt + 11 · α)− (2 · alt + α) = 3 · 1 + 7 · alt + 10 · α.
Since the curve is invariant, the singular set of it will lie in orbits (of size 1, 2, 7, or 14). The sum must
form a representation isomorphic to 3 · 1 + 7 · alt + 10 · α. This puts constraints on the location and types
of orbits.
Each of these orbits defines an induced representation of the stabilizer of one of its points. We analyze
these orbits now. If P is a point in the projective plane which is fixed by a subgroup H ⊆ D7, the linear
form “evaluation of g on the orbit defined by P” is the induced representation
IndD7H (ϑ), where ϑ is the character of the group H, “evaluation of g at P”.
Lemma 4.6. IndD71 (1) = 1 + alt + 2α, and Ind
D7
〈t〉 (sgn) = alt + α, where sgn is the character of the group
〈t〉, with sgn(t) = −1.
Proof. The first is the well-known decomposition of the regular representation: it is a sum of all the
irreducible representations, each appearing with multiplicity equal to its degree. The second follows easily
from Frobenius reciprocity. 
If P is a non-fixed point, we have H = 1, so the evaluation on the orbit of a non-fixed point gives
a contribution = 1 + alt + 2α to Ker(λ). Evaluation on a t-fixed point of the type (1, x,−x) gives the
character sgn(t) = −1, because g(tP ) = g(−1,−x, x) = −g(1, x,−x), since degree g = 11 is odd. Therefore
we get a contribution alt + α to Ker(λ). Since
3(1 + alt + 2α) + 4(alt + α) = 3 · 1 + 7 · alt + 10 · α,
this suggests that our curve X should most likely have 70 singularities distributed in three sets of 14 which
are non-fixed points , and four sets of t-fixed points on the line x+ y = 0 (orbits of size 7). If the equation
of the curve is f(x, y) = 0, the condition that f(x) := f(x,−x) shall have 4 double roots means that
f(x) = q(x)2s(x) where deg q = 4, deg s = 6. On the other hand, we must also have f(x) = h(x)2 + g(x)7
by reasoning that proved proposition 3.5. We are led again to an equation
q(x)2s(x) = h(x)2 + g(x)7, where deg q = 4, deg s = 6, degh = 7, deg g = 2.
5. On the moduli of this family
Recall that our genus three curves are constructed as follows: One starts from suitable polynomials
f(x), p(x), q(x), h(x) of respective degrees 6, 7, 4, 2 such that p2 − fq2 = h7. Let C be the genus 2 curve
with equation y2 = f(x), and X the genus 8 curve that is the cyclic unramified covering of C of degree 7
given by adjoining a 7th root of p(x) + q(x)y, which is in the function field of C. The function field of X
is k(x, y, z), where z7 = p(x) + q(x)y. Multiplying this by z7 = p(x)− q(x)y we get an equation
z14 − 2pz7 + h7 = 0,
which defines a Galois D7 covering of k(x) = k(P
1), with generators σ : x 7→ x, y 7→ y, z 7→ ζ7z, and
τ : x 7→ x, y 7→ −y, z 7→ h/z. The subfield of k(x, y, z) invariant under the involution τ is k(x, y, w), where
w = z+ h/z, and it is the function field of a genus 3 curve Y with an action of Z[ζ+7 ] on its Jacobian. The
equation of w is
w7 − 7hw5 + 14h2z3 − 7h3w − 2p = 0.
The discriminant of this equation with respect to w is −2677(fq2)3, which shows that the ramification of
the covering k(x, y, w)/k(x) is in the set fq = 0; in fact it is ramified exactly in the 6 points of f = 0.
In this manner, we have a map of moduli spaces λ : M2(7) →M3, where M2(7) is the moduli space of
(C,G) where C is a genus 2 curves and G ⊂ Jac(C) is a subgroup of order 7, and M3 is the moduli space
of genus 3 curves. Since dimM2(7) = 3 our goal is to prove that the image of this map is 3-dimensional.
We do this by showing that the map on tangent spaces
TaM2(7) −→ Tλ(a)M3
has maximal rank (i.e., 3) in a general point a. From the canonical isomorphism
Tλ(a)M3 = H
1(Y, TY ), Y = λ(a), TY = tangent sheaf,
given by the Kodaira-Spencer deformation class, we must calculate these deformation classes in a neigh-
borhood of a. Rather than working with a directly, we work with the parameters s, t, u, v that define
our family of curves. That is, we choose a convenient value of these parameters and consider first-order
deformations around this value.
We calculate the deformation classes Hodge-theoretically. Namely in a family of curves Yα, depending
on a parameter α ∈ S, we have a canonical connection
∇ : H1DR(Yα)→ Ω1S/k ⊗H1DR(Yα)
which satisfies Griffiths transversality. In this case we get a map
F 1 = H0(Yα,Ω
1
Yα)→ F 0/F 1 = H1(Yα,OYα),
which is known to be cup-product with the Kodaira-Spencer class κ(α) ∈ H1(Yα, TYα):
Ω1Yα ⊗ TYα → OYα : H0(Yα,Ω1Yα)⊗H1(Yα, TYα)→ H1(Yα,OYα).
To do this, we need representatives of the cohomology classes. We get these by considering the canonical
models of our genus 3 curves, which are projective quartics (Fα = 0) ⊂ P2. We have an isomorphism given
by Poincare´ residue:
H2DR(P
2 − Fα) ∼= H1DR(Fα).
Griffiths showed that we can express the Hodge filtration of the (primitive) cohomology of a smooth
projective hypersurface in terms of the Jacobian ring of the hypersurface (see his papers, [12]). In our case,
this means that we have isomorphisms:
R1 ∼= H0(Yα,Ω1Yα), R5 ∼= H1(Yα,OYα), R := k[x, y, z]/
〈
∂Fα
∂x
,
∂Fα
∂y
,
∂Fα
∂z
〉
,
with x, y, z coordinates in projective space, and subscripts denoting the homogeneous components of that
degree. Explicitly this means that we can take
ω1 =
xΩ
Fα
, ω2 =
yΩ
Fα
, ω3 =
zΩ
Fα
, Ω = xdydz − ydxdz + zdxdy,
as a basis of F 1 = H0(Yα,Ω
1
Yα
), and
η1 =
r1Ω
F 2α
, η2 =
r2Ω
F 2α
, η3 =
r3Ω
F 2α
, for a basis r1, r2, r3 of R5
as a basis of F 0/F 1 = H1(Yα,OYα). We then compute the derivatives ∂ωi/∂α = gΩ/F 2α and express these
as linear combinations of the ωi, ηj modulo exact forms. This is equivalent to computing the division of
the polynomial g with respect to the ideal 〈∂Fα∂x , ∂Fα∂y , ∂Fα∂z 〉. In fact, the remainder of division of g by the
Jacobian ideal will be in the shape a1r1 + a2r2 + a3r3 and the deformation class is represented by the
differential form a1η1+ a2η2+ a3η3. Differentiating the classes ω1, ω2, ω3 this way, for β in a neighborhood
of a fixed value α, we get a 3 by 3 matrix with entries in k. Applied to our family, we chose α = (0, 1, 1, 0)
and four deformations β = (s, 1, 1, 0), β = (0, 1 + t, 1, 0), β = (0, 1, 1 + u, 0), β = (0, 1, 1, v). Equations for
these curves can be found in Appendix. For each of these, Magma calculated the canonical models of the
curves in our family, giving a one-parameter family of smooth projective plane quartics Fβ(x, y, z) to which
we applied the above procedure. In this way we got 4 by 4 matrices with entries in Q, representing the
deformation classes in these 4 directions. These 4 matrices spanned a space of dimension 3, as expected.
We have thus shown that the Jacobian has maximal rank in a specific point. It therefore has maximal
rank in a Zariski open neighborhood of this point, and thus the image will contain a smoothly embedded
locally closed subvariety of dimension 3 in M3.
Another way to prove that this family has 3-dimensional moduli is the following: We can directly
calculate the genus two curves y2 = fα(x) and their dependence on parameters α = (s, t, u, v). From
this we calculate the Igusa invariants of the sextic polynomials fα(x). The function field of M2 is a
rational function field on three independent variables j1, j2, j3. These functions in turn are explicit rational
expressions in the Igusa invariants, and in this was we get j1, j2, j3 as rational functions of the parameters
s, t, u, v. We compute the Jacobian matrix of j1, j2, j3 with respect to s, t, u, v in a specific point s0, t0, u0, v0
and find that it has rank 3. This is the rank of the tangent map of the space of our parameters s, t, u, v
to the 3-dimensional moduli space M2. It has maximal rank at this one point, and therefore in a Zariski
neighborhood of this point. Thus the map from (s, t, u, v)-space to M2 has dense image. On the other
hand, Ellenberg showed in [8] that the map from the moduli space of 6 distinct points in P1 to the moduli
space of genus 3 curves with Q(ζ+7 )-endomorphisms given by this construction also had maximal rank. The
moduli space of 6 distinct points in P1 covers M2, since it is the moduli space of genus 2 curves with a
level 2 structure. Therefore we again see that our construction leads to a family of genus 3 curves with 3
independent moduli.
6. A polarization for our family
The genus 8 curves X in our family have a D7-action. We will show how to construct a D7-invariant
polarization on the Hodge structure H1(X). Recall that the representation of D7 on the 16-dimensional
space H1(X,Q) is given by 4 alt + 2α where α = χ1 + χ2 + χ3. In fact the piece corresponding to 2α is
the motive M = H1(X)/H1(C), where X → C is the degree 7 unramified projection to the genus 2 curve
C. It will suffice to put a D7-invariant principal polarization on M . As a D7-module, M = K
2, where
K = Q(ζ7), where s(x) = ζ7x, t(x) = x, complex conjugation.
Proposition 6.1. Let K2 be as above. Consider the lattice L = ZK ⊕ P7, where ZK = Z[ζ7] is the ring
of integers in K, and P7 = wZK , w = 1 − ζ7, is the unique prime ideal above 7. Let v = ww, and d+ the
generator of the different ideal dK+/Q of the real subfield K
+ = Q(ζ7 + ζ7), that is
d+ = (ζ7 + ζ7)
2 + 3(ζ7 + ζ7)− 3.
The lattice L is D7-invariant. Consider the bilinear form on K
2 given by the formula
〈x, y〉 = 〈(x1, x2), (y1, y2)〉 = 1
7
TrK/Q
(
v2(x1y2 − x2y1)
d+
)
.
This bilinear form is alternating, D7-invariant. Moreover, its restriction to the lattice L is Z-valued and
with elementary divisors all equal to 1.
Proof. The lattice L is a D7 module: it is a sum of ideals, so stable under multiplication by ζ7; but is also
invariant by complex conjugation. This is clear for ZK , and since P7 is the unique ideal above 7, P7 is also
stable by complex conjugation. Note that c = v2/d+ ∈ K+, so it is invariant under complex conjugation.
Complex conjugation belongs to the Galois group of K/Q, so the trace map is invariant under complex
conjugation. Then
7〈x, y〉 = TrK/Q (c(x1y2 − x2y1)) = TrK/Q
(
c(x1y2 − x2y1)
)
= TrK/Q (c(y2x1 − y1x2))
= −TrK/Q (c(y1x2 − y2x1)) = −7〈x, y〉,
so it is alternating. To see that it is D7 invariant, we check the generators.
7〈ζ7x, ζ7y〉 = TrK/Q
(
cζ7ζ7(x1y2 − x2y1)
)
= TrK/Q (c(x1y2 − x2y1)) = 7〈x, y〉.
Also
7〈x, y〉 = TrK/Q (c(y2x1 − y1x2)) = TrK/Q
(
c(y2x1 − y1x2)
)
= TrK/Q (c(x1y2 − x2y1)) = 7〈x, y〉.
To see that 〈x, y〉 is Z-valued on the lattice L, one computes the matrix of the bilinear form in a Z-basis
of L. Magma then calculates the Frobenius normal form for this Z-valued alternating form and finds a
standard alternating matrix with elementary divisors all equal to 1. 
7. Finding polynomials for unramified degree 7 covering of genus 2 curves
Consider the curve
h(x)2 − s(x)q(x)2 = (−g(x))7, where deg h = 7, deg s = 6, deg q = 4, deg g = 2.
To simplify our notation, denote the above curve as
S27 − F6 ·Q24 = R72,
where S7, F6, Q4, R2 are binary forms in X and Z with the subscripts as the degrees, and the coefficients
in an algebraically closed field K with CharK 6= 2, 7.
Our purpose is to find a dimension 3 moduli of unramified degree 7 covering
W 7 = S7 + Y ·Q4, of genus 2 curves Y 2 = F6.
Remark 7.1. To obtain the solution, we restrict our attention to the curves that
1. F6 must be square free in order for the curve Y
2 = F6 to be of genus 2,
Moreover, F6 does not have repeated roots, and disc(F6) 6= 0, the discriminant of F6 is non-zero.
2. S7 + Y ·Q4 must not be a power of X,Y,Z in order to have a degree 7 covering.
3. gcd(S27 , F6 ·Q24) = 1 or equivalently, gcd(F6 ·Q24, R72) = 1 in order for the covering to be unramified.
Proof. To prove the last remark, we note that for the covering to be unramified, the order of the common
divisor of S7 + Y ·Q4, S7 − Y ·Q4 is either 0 or 7 at any given point on the genus 2 curve. This implies
gcd(S27 , F6 · Q24) is either a constant, or a 7th power of a linear or a quadratic factor. But since F6 is
square free, hence, it is impossible for gcd(S27 , F6 · Q24) to be a 7th power of a quadratic factor. Thus,
gcd(S27 , F6 ·Q24) is either a constant, or a 7th power of a linear factor.
In the case of 7th power of a linear factor, we can write
S7 = S3 · L41, F6 = F5 · L1, Q4 = Q1 · L31, R2 = R1 · L1, so that S23 · L1 − F5 ·Q21 = R71
where the subindexes stand for the degrees. Perform a linear transformations, let
X = R1, Z = L1, so that Q1 = X − Z.
Let s7(X) = S7(X, 1), f5(X) = F5(X, 1), then
S23 · L1 − F5 ·Q21 = R71, ⇒ s23(X)− f5(X) · (X − 1)2 = X7.
And we have
s3(1)
2 − f5(1) · (1− 1)2 = 17 ⇒ s3(1)2 = 1 ⇒ s3(1) = ±1.
Moreover, taking the derivatives with respect to X, we have
2s3(X) · s′3(X)− f ′5(X) · (X − 1)2 − 2f5(X)(X − 1) = 7X6 ⇒ s3(1) · s′3(1) = 7, ⇒ s′3(1) = ±7.
The cubic polynomials s3 form a 4 dimensional space, and the equations s3(1) = ±1 and s′3(1) = ±7
determine a two dimensional subspace of s3. Since our goal is to find the dimension 3 moduli of unramified
degree 7 covering, we will not consider this case.
Therefore, we focus on the case gcd(S27 , F6 ·Q24) = 1 or equivalently, gcd(F6 ·Q24, R72) = 1. 
Theorem 7.2.
S7(X, 1) =
4∑
i=1
4∏
j=1,j 6=i
(
X − β2j
β2i − β2j
)2(
β7i +
(
7
2
β5i − 2β7i l′i(β2i )
)(
X − β2i
))
, where li(x) =
4∏
j=1,j 6=i
x− β2j
β2i − β2j
,
is a solution for a dimension 3 moduli of unramified degree 7 covering
W 7 = S7 + Y ·Q4, of genus 2 curves Y 2 = F6,
where β2i are distinct roots for Q4.
Proof. Apply a linear transformation so that W = X · Z, and
S27 − F6 ·Q24 =W 7 ⇒ S27 − F6 ·Q24 = (X · Z)7.
By Remark 7.1, gcd(F6 · Q24, R72) = gcd(F6 · Q24, W 7) = gcd(F6 · Q24, (X · Z)7) = 1, up to a constant
coefficient, Q4 must be of the following form
Q4 =
4∏
i=1
(X − αiZ), αi 6= 0, i = 1, 2, 3, 4.
Let s7(X) = S7(X, 1), then
S27 − F6 ·Q24 = R72, ⇒ s27(X)− F6(X, 1)
4∏
i=1
(X − αi)2 = X7.
Then, the polynomial s7 satisfies the following system of equations:
s27(αi) = α
7
i , 2 · s7(αi) · s′7(αi) = 7 · α6i , i = 1, 2, 3, 4.
Choose a set of suitable βi such that β
2
i = αi for i = 1, 2, 3, 4, then
s7(β
2
i ) = β
7
i , 2 · s′7(βi) = 7 · β5i , i = 1, 2, 3, 4.
This is a problem of Hermite interpolation. If we are to interpolate a given function f(x) with a polynomial
p(x) so that
p(xi) = f(xi), p
′(xi) = f
′(xi), 0 ≤ i ≤ n,
then the Lagrange form of the Hermite interpolation polynomials is given by
p(x) =
n∑
i=0
f(xi)l
2
i (x)
(
1− 2l′i(xi)(x− xi)
)
+
n∑
i=0
f ′(xi)l
2
i (x)(x− xi),
=
n∑
i=0
l2i (x)
(
f(xi) +
(
f ′(xi)− 2f(xi)l′i(xi)
)
(x− xi)
)
, where li(x) =
n∏
j=0,j 6=i
x− xj
xi − xj .
Apply this result in our situation, we obtain for i = 1, 2, 3, 4,
xi = β
2
i , p(xi) = s7(β
2
i ), f(xi) = β
7
i , f
′(xi) =
7
2
β5i , li(x) =
4∏
j=1,j 6=i
x− β2j
β2i − β2j
S7(X, 1) = s7(X) =
4∑
i=1
4∏
j=1,j 6=i
(
X − β2j
β2i − β2j
)2(
β7i +
(
7
2
β5i − 2β7i l′i(β2i )
)(
X − β2i
))
.

Theorem 7.3. With above notation, the degree 7 unramified cover of the curve Y 2 = F6(X,Z) has the
following defining equation:
T 7 − 7T 5XZ + 14T 3X2Z2 − 7TX3Z3 − 2S7(X,Z).
In the affine coordinates,
K(X,Y, T ) = K(X,Y,W ), and [K(X,T ) : K(X)] = 7.
Proof. Consider the equation W 7 = S7(X,Z) + Y · Q4(X,Z) where Y 2 = F6(X,Z). This is the degree 7
unramified cover of the curve Y 2 = F6(X,Z). Eliminate Y , we get
(W 7 − S7(X,Z))2 − F6(X,Z) ·Q4(X,Z)2 = 0,
which is equivalent to
W 14 − 2S7(X,Z)W 7 +X7Z7 = 0, where the coefficients are rational functions of βi (i = 1, 2, ..., 4).
Consider the polynomial
J =
6∏
i=0
(T − ζ i7 ·W − ζ−i7 · W¯ ), where WW¯ = X.
With Mathematica, we calculate:
J = T 7 − 7T 5XZ + 14T 3X2Z2 − 7TX3Z3 − 2S7(X,Z).
Hence, the degree 7 unramified cover of the curve Y 2 = F6(X,Z) has the following defining equation:
T 7 − 7T 5XZ + 14T 3X2Z2 − 7TX3Z3 − 2S7(X,Z).
We claim that in the affine coordinates, we have
K(X,Y, T ) = K(X,Y,W ), and [K(X,T ) : K(X)] = 7.
First, let K1 be a field of characteristic other than 7 and K2 its quadratic extension. Let ω be a non-zero
element of K2 such that its norm ωω¯ to K1 equals to a 7th power ρ
7 with ρ ∈ K1. Let
Ω = 7
√
ω ∈ K2, Ω¯ = ρ/Ω so that Ω¯7 = ρ7/Ω7 = ρ7/ω = ω¯.
By Kummer theory, the extension K2(ζ,Ω)/K2(ζ), is a cyclic extension of degree 7. Let T = Ω + Ω¯,
then
K2(ζ7) ⊂ K2(ζ7, T ) ⊂ K2(ζ7,Ω).
Since Ω is a linear combination of T = Ω + Ω¯ and its conjugate ζ7Ω + ζ
−1
7 Ω¯, where coefficients belong to
K2(ζ7). Thus, we indeed have
K2(ζ7, T ) = K2(ζ7,Ω).
Also, on one hand
[K2(ζ7, T ) : K2] = [K2(ζ7,Ω) : K2] = [K2(ζ7,Ω) : K2(ζ7)][K2(ζ7) : K2] = 7[K2(ζ7) : K2],
and on the other hand,
[K2(ζ7, T ) : K2] = [K2(ζ7, T ) : K2(T )] · [K2(T ) : K2].
The index [K2(ζ7, T ) : K2(T )] is a divisor of 6 implies that 7 | [K2(T ) : K2]. The fact that the polynomial
6∏
i=0
(t− ζ i7 · Ω− ζ−i7 · Ω¯), has expansion t7 − 7t5ρ+ 14t3ρ2 − 7tρ3 − 2(ω + ω¯) with coefficients in K2,
yields
[K2(T ) : K2] = 7.
As [K1(T ) : K1] ≥ [K2(T ) : K2], this further implies
[K1(T ) : K1] = 7.
Hence, we proved our claim [K(X,T ) : K(X)] = 7.
Since K2(T ) ⊂ K2(Ω), the equality [K2(T ) : K2] = 7 implies
K(X,Y, T ) = K(X,Y,W ).

Follow the material in [3, p245-246 Theorem 5.3.5], let K1 = Q(X), and restrict the values of βi’s to
obtain a cyclic extensions of degree 7 of the field K2 = Q(X,Y ).
First, we note any extension K2(
7
√
ξ)/K2 can not be Galois when ξ ∈ K×2 . Since K2 ∩ Q(ζ7) = Q, the
extension K2(ζ7)/K2 is a cyclic extension of degree 6.
Let ξ ∈ K2(ζ7)× and consider its 7th root Ξ such that Ξ7 = ξ. To study the orbit of Ξ under the Galois
group of K2(ζ7,Ξ)/K2, we let a conjugation σ of K2(ζ7,Ξ)/K2 such that
ζσ7 = ζ
3
7 .
We also let the conjugation τ of K2(ζ7,Ξ)/K2 such that
ζτ7 = ζ7, Ξ
τ = ζ7Ξ.
Then,
Ξτ
jσi = (ζj7Ξ)
σi = ζ3
ij
7 Ξ
σi .
Assume the extension K2(ζ7,Ξ) contains a cyclic extension of degree 7 of K2. Then, the extension
K2(ζ7,Ξ)/K2 is abelian. Therefore, we must have
Ξσ
iτ j = Ξτ
jσi = ζ3
ij
7 Ξ
σi .
In particular,
(Ξ2σΞ)τ = Ξ2σΞ.
This means
Ξ2σΞ ∈ K2(ζ7), or equivalently ξ2σξ ∈ (K2(ζ7)×)7.
On the other hand, every subextension of K2(ζ7,Ξ)/K2 is abelian, which suggests K2(ξ) = K2(ζ7). Oth-
erwise, K2(Ξ)/K2(ξ) is non-Galois would imply K2(Ξ)/K2 is non-abelian, contradicting our assumption.
Therefore,
ξ /∈ (K2(ζ7)×)7.
Consider the sum
θj =
5∑
i=0
Ξσ
iτ j =
5∑
i=0
ζ3
ij
7 Ξ
σi , (j = 0, 1, ..., 6).
Each θj is invariant under σ. Hence, we have either [K2(θ0)/K2] = 7 or 1. The latter possibility is
eliminated by the following matrix:
(ζ3
ij
7 − 1)0≤i≤5, 1≤j≤6.
8. Appendix: explicit equations
Recall from section 3 we found equations for our curves that depended on parameters, u1, u2, u3, u4. In
fact, the equations are symmetric functions of these, so we can express them in terms of the elementary
symmetric functions. We use Mathematica to solve the equation system. Let
α =
4∑
i=1
ui, β =
∑
i 6=j
uiuj , γ =
∑
i 6=j 6=k
uiujuk, δ = u1u2u3u4.
The general equation of the genus 3 curves is
Y (u1, u2, u3, u4) : z
7 − 7xz5 + 14x2z3 − 7x3z − 2h(x) = 0
where
h(x) = (α3γ2δ4+γ3δ4+α3βδ5−3α2γδ5+(−2α3γ4δ2−2γ5δ2+2α3βγ2δ3+6α2γ3δ3+4βγ3δ3+3α3β2δ4−
α4γδ4 − 9α2βγδ4 − 3αγ2δ4 + α3δ5)x+ (α3γ6 + γ7 − 3α3βγ4δ − 3α2γ5δ − 4βγ5δ + 4α3β2γ2δ2 − 2α4γ3δ2 +
6α2βγ3δ2 + 6β2γ3δ2 + 2αγ4δ2 + 3α3β3δ3 − 8α4βγδ3 − 9α2β2γδ3 + 14α3γ2δ3 − 9αβγ2δ3 + 3γ3δ3 + α5δ4 +
6α3βδ4 − 9α2γδ4)x2 + (−3α3β2γ4 + 3α4γ5 + 3α2βγ5 − 2β2γ5 + αγ6 + 3α3β3γ2δ + 3α2β2γ3δ + 4β3γ3δ −
15α3γ4δ− 5αβγ4δ− γ5δ+α3β4δ2− 7α4β2γδ2− 3α2β3γδ2+14α3βγ2δ2− 9αβ2γ2δ2+19α2γ3δ2+9βγ3δ2−
α5βδ3+9α3β2δ3+α4γδ3−18α2βγδ3−9αγ2δ3+3α3δ4)x3+(−3α4β2γ3+3α2β3γ3+β4γ3+3α5γ4−7αβ2γ4−
βγ5+3α5βγ2δ+3α3β2γ2δ−3αβ3γ2δ−15α4γ3δ+14α2βγ3δ+9β2γ3δ+αγ4δ−2α5β2δ2+4α3β3δ2+α6γδ2−
5α4βγδ2 − 9α2β2γδ2 + 19α3γ2δ2 − 18αβγ2δ2 + 3γ3δ2 − α5δ3 + 9α3βδ3 − 9α2γδ3)x4 + (α6γ3 − 3α4βγ3 +
4α2β2γ3+3β3γ3−2α3γ4−8αβγ4+γ5−3α5γ2δ+6α3βγ2δ−9αβ2γ2δ+14α2γ3δ+6βγ3δ+α7δ2−4α5βδ2+
6α3β2δ2+2α4γδ2−9α2βγδ2−9αγ2δ2+3α3δ3)x5+(−2α4γ3+2α2βγ3+3β2γ3−αγ4+6α3γ2δ−9αβγ2δ+
γ3δ − 2α5δ2 + 4α3βδ2 − 3α2γδ2)x6 + (α2γ3 + βγ3 − 3αγ2δ + α3δ2)x7)/(2(−αβγ + γ2 + α2δ)3).
The equation genus 2 curve is
S6(x) =
6∑
i=0
aix
i
with
a0 = β
2δ6α6+2βγ2δ5α6+γ4δ4α6−6βγδ6α5−6γ3δ5α5+9γ2δ6α4+2βγ3δ5α3+2γ5δ4α3−6γ4δ5α2+γ6δ4,
a1 = −2δ2γ8 − 4α3δ2γ7 + 12α2δ3γ6 + 4βδ3γ6 − 2α6δ2γ6 − 6αδ4γ5 + 12α5δ3γ5 +4α3βδ3γ5 − 26α4δ4γ4 −
18α2βδ4γ4+20α3δ5γ3− 2α7δ4γ3+6α3β2δ4γ3− 6α5βδ4γ3+8α6δ5γ2+12α4βδ5γ2+4α6β2δ4γ2− 6α5δ6γ−
12α5β2δ5γ − 2α7βδ5γ + 2α6βδ6 + 2α6β3δ5,
a2 = γ
10+2α3γ9+α6γ8−6α2δγ8−4βδγ8+8αδ2γ7−6α5δγ7−6α3βδγ7+2δ3γ6+17α4δ2γ6+6β2δ2γ6+
12α2βδ2γ6−2α6βδγ6−10α3δ3γ5−18αβδ3γ5+8α3β2δ2γ5+6α5βδ2γ5−3α2δ4γ4+12α6δ3γ4−18α2β2δ3γ4−
22α4βδ3γ4 + 3α6β2δ2γ4 − 34α5δ4γ3 + 46α3βδ4γ3 + 6α3β3δ3γ3 − 18α5β2δ3γ3 − 12α7βδ3γ3 + 12α4δ5γ2 +
3α8δ4γ2 − 3α4β2δ4γ2 + 50α6βδ4γ2 + 6α6β3δ3γ2 − 8α7δ5γ − 24α5βδ5γ − 6α5β3δ4γ − 10α7β2δ4γ + α6δ6 +
6α6β2δ5 + 2α8βδ5 + α6β4δ4,
a3 = −2γδ4α9 + 2δ5α8 − 2β2δ4α8 + 6βγ2δ3α8 + 2γ7α7 − 2βγδ4α7 − 6γ3δ3α7 − 6β2γ3δ2α7 + 6βγ5δα7 −
4β2γ6α6+6βδ5α6+4β3δ4α6+4γ2δ4α6+6β2γ2δ3α6−18βγ4δ2α6−20γ6δα6+6βγ7α5−12γδ5α5−18β2γδ4α5+
46βγ3δ3α5 + 60γ5δ2α5 + 6β3γ3δ2α5 + 18β2γ5δα5 − 6βγ2δ4α4 − 92γ4δ3α4 − 6β3γ2δ3α4 − 56β2γ4δ2α4 −
18βγ6δα4− 6β2γ7α3+40γ3δ4α3+32β2γ3δ3α3+46βγ5δ2α3+2β4γ3δ2α3− 6γ7δα3+6β3γ5δα3+6βγ8α2−
6βγ4δ3α2+4γ6δ2α2− 6β3γ4δ2α2+6β2γ6δα2− 2γ9α− 12γ5δ3α− 18β2γ5δ2α− 2βγ7δα− 2β2γ8+6βγ6δ2+
2γ8δ + 4β3γ6δ,
a4 = δ
4α10+2γ3δ2α9+γ6α8−4βδ4α8−6γ2δ3α8+8γδ4α7−6βγ3δ2α7−6γ5δα7−2βγ6α6+2δ5α6+6β2δ4α6+
12βγ2δ3α6+17γ4δ2α6−18βγδ4α5−10γ3δ3α5+8β2γ3δ2α5+6βγ5δα5+3β2γ6α4−3γ2δ4α4−18β2γ2δ3α4−
22βγ4δ2α4 +12γ6δα4 − 12βγ7α3 + 46βγ3δ3α3 − 34γ5δ2α3 +6β3γ3δ2α3 − 18β2γ5δα3 +3γ8α2 +6β3γ6α2 +
12γ4δ3α2−3β2γ4δ2α2+50βγ6δα2−10β2γ7α−24βγ5δ2α−8γ7δα−6β3γ5δα+2βγ8+β4γ6+γ6δ2+6β2γ6δ,
a5 = −2δ4α8 − 4γ3δ2α7 − 2γ6α6 + 4βδ4α6 + 12γ2δ3α6 − 6γδ4α5 + 4βγ3δ2α5 + 12γ5δα5 − 18βγ2δ3α4 −
26γ4δ2α4−2γ7α3+20γ3δ3α3+6β2γ3δ2α3−6βγ5δα3+4β2γ6α2+12βγ4δ2α2+8γ6δα2−2βγ7α−6γ5δ2α−
12β2γ5δα + 2β3γ6 + 2βγ6δ,
a6 = δ
4α6 + 2γ3δ2α5 + γ6α4 − 6γ2δ3α4 + 2βγ3δ2α3 − 6γ5δα3 + 2βγ6α2 + 9γ4δ2α2 − 6βγ5δα + β2γ6.
It turns out that it is hard to use a computer to get the canonical forms of our family of curves. But
we can get the following families of curves with their canonical forms, that is, the quartic equations of the
genus 3 curves.
Notation as the previous subsection. Consider the curve
Y (0, 1, 1, 0) = z7 − 7xz5 + 14x2z3 − 7x3z − 2
(
x7
2
+
3x6
2
+ 2x5 − x3 + x
2
2
)
= 0.
Using Magma, we can compute its canonical form as a quartic in the projective plane P2K . Assume the
coordinates in P2K are X,Y and Z, we have the equation
X4 + 8X3Z + 2X2Y Z + 25X2Z2 −XY 3 + 2XY 2Z + 8XY Z2 + 36XZ3 + Y 4 − 2Y 3Z
+5Y 2Z2 + 9Y Z3 + 20Z4 = 0
Consider the family
Y (s, 1, 1, 0) = z7 − 7xz5 + 14x2z3 − 7x3z − 2h(s, 1, 1, 0)
where
h(s, 1, 1, 0) =− 1
2(s− 1)3
(
s3 + 1
)
x2 +
(
s2 + 1
)
x7 − (2s4 − 2s2 + s− 3) x6 + (3s5 − 3s4 + 3s2 − 7s)x4+(
3s4 − 3s3 + 3s2 + s− 2)x3 + (s6 − 3s4 − 2s3 + 4s2 − 8s + 4)x5).
The canonical model of this family in the projective plane P2K is
S(s,X, Y, Z) =
(
2s− 2s2)X3Y
s3 + 1
+
(−s3 + 2s2 − s)X2Y 2
s5 + s3 + s2 + 1
+
(
6s4 − 6s3 − 10s2 + 8s+ 2)X2Y Z
s3 + 1
+(
2s5 − 4s4 − 4s3 + 14s2 − 10s + 2)XY 2Z
s5 + s3 + s2 + 1
+
(−4s7 + 4s5 − 4s4 + 7s3 + 6s2 − s+ 8)X3Z
s5 + s3 + s2 + 1
+(−6s6 + 6s5 + 20s4 − 16s3 − 20s2 + 8s + 8)XY Z2
s3 + 1
+
(
2s5 − 6s4 + 7s3 − 5s2 + 3s − 1)XY 3
s8 + s6 + 2s5 + 2s3 + s2 + 1
+(
s4 − 4s3 + 6s2 − 4s+ 1)Y 4
s8 + s6 + 2s5 + 2s3 + s2 + 1
+
(
6s9 − 18s7 + 6s6 + 3s5 − 24s4 + 20s3 + 15s2 − 9s+ 25)X2Z2
s5 + s3 + s2 + 1
+(−2s7 + 6s6 − 5s5 + s4 − s3 − s2 + 4s− 2) Y 3Z
s8 + s6 + 2s5 + 2s3 + s2 + 1
+(−4s11 + 20s9 − 4s8 − 27s7 + 26s6 − 5s5 − 54s4 + 34s3 + 18s2 − 24s + 36)XZ3
s5 + s3 + s2 + 1
+(−s10 + 2s9 + 5s8 − 15s7 + 5s6 + 19s5 − 23s4 − 2s3 + 25s2 − 20s + 5)Y 2Z2
s8 + s6 + 2s5 + 2s3 + s2 + 1
+(
s13 − 7s11 + s10 + 17s9 − 9s8 − 14s7 + 31s6 − 9s5 − 43s4 + 28s3 + 8s2 − 20s + 20)Z4
s5 + s3 + s2 + 1
+(
2s13 − 2s12 − 8s11 + 8s10 + 6s9 − 8s8 + 8s7 − 9s5 + 7s4 − 10s3 + 2s2 − 5s + 9)Y Z3
s8 + s6 + 2s5 + 2s3 + s2 + 1
+X4 = 0.
We also have another three families of canonical models. For
Y (0, 1 + t, 1, 0) = z7 − 7xz5 + 14x2z3 − 7x3z − 2h(0, 1 + t, 1, 0)
where
h(0, 1 + t, 1, 0)
=
1
2
(t+ 1)x7 +
3
2
(t+ 1)2x6 +
1
2
(
3(t+ 1)3 + 1
)
x5 +
1
2
(
(t+ 1)4 − t− 1) x4 − (t+ 1)2x3 + x2
2
,
the canonical form of the family Y (0, 1 + t, 1, 0) is
T (t,X, Y, Z) =
(
24t3 + 72t2 + 72t+ 25
)
X2Z2
t+ 1
+
(
32t3 + 96t2 + 96t+ 36
)
XZ3+(
8t3 + 24t2 + 24t+ 9
)
Y Z3
t+ 1
+
(
16t4 + 64t3 + 96t2 + 68t+ 20
)
Z4 + (8t+ 8)X3Z+
2XY 2Z
t+ 1
+ (8t+ 8)XY Z2 +
Y 4
t+ 1
+ (−2t− 2)Y 3Z +X4 + 2X2Y Z −XY 3 + 5Y 2Z2 = 0.
For
Y (0, 1, 1 + u, 0) = z7 − 7xz5 + 14x2z3 − 7x3z − 2h(0, 1, 1 + u, 0)
where
h(0, 1, 1 + u, 0) =
1
2(u+ 1)6
((u+ 1)3x7 + 3(u+ 1)3x6 +
(
(u+ 1)5 + 3(u+ 1)3
)
x5−(
(u+ 1)5 − (u+ 1)3)x4 − 2(u+ 1)5x3 + (u+ 1)7x2),
the canonical form of the family Y (0, 1, 1 + u, 0) is
U(u,X, Y, Z) =
(
u2 + 2u+ 25
)
X2Z2 +
(
2u2 + 4u+ 2
)
XY 2Z +
(
4u2 + 8u+ 36
)
XZ3+(
u2 + 2u+ 1
)
Y 4 +
(
5u2 + 10u+ 5
)
Y 2Z2 +
(
4u2 + 8u+ 20
)
Z4 +
(
u3 + 3u2 + 11u + 9
)
Y Z3+
(2u+ 2)X2Y Z + (−u− 1)XY 3 + (8u+ 8)XY Z2 + (−2u− 2)Y 3Z +X4 + 8X3Z = 0.
For
Y (0, 1, 1, v) = z7 − 7xz5 + 14x2z3 − 7x3z − 2h(0, 1, 1, v)
where
h(0, 1, 1, v) =
v4
2
+
3
2
(
v2 + 3v
)
x4 +
1
2
(
9v2 + 3v − 2)x3 + 1
2
(
3v3 + 6v2 − 4v + 1) x2+
(
2v3 − v2)x+ 1
2
(v + 3)x6 + (3v + 2)x5 +
x7
2
,
the canonical form of the family Y (0, 1, 1, v) is
V (v,X, Y, Z) = (v + 8)X3Z − (4v + 2)X2Y 5Z + vX2Y 2 + (6v + 25)X2Z2 + (8− 2v)XY Z2+
(12v + 36)XZ3 + (4v + 5)Y 2Z2 + (9− 4v)Y Z3 + (9v + 20)Z4 +X4 + 2X2Y Z + Y 4 − 2Y 3Z = 0.
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